ABSTRACT. We first present some basic properties of a quantum measure space. Compatibility of sets with respect to a quantum measure is studied and the center of a quantum measure space is characterized. We characterize quantum measures in terms of signed product measures. A generalization called a superquantum measure space is introduced. Of a more speculative nature, we show that quantum measures may be useful for computing and predicting elementary particle masses.
Introduction
Quantum measure spaces (q-measure spaces, for short) were introduced by R. Sorkin in his studies of the histories approach to quantum mechanics and its applications to quantum gravity and cosmology [9] . Since then a few other papers have appeared on the subject [8, 10, 11] . These investigators have been concerned with finite q-measure spaces in which the number of sample points is finite and the general definition of a q-measure space has not been given. Our first order of business is to present such a definition. After a preliminary study of the basic properties of a q-measure space, there are three main results in this paper. We define compatibility of sets with respect to a q-measure and characterize the center of a q-measure space. We then characterize q-measures in terms of signed product measure. Finally, of a more speculative nature, we show that q-measures may be useful for computing and predicting elementary particle masses. We briefly consider super q-measure spaces which generalize q-measure spaces just as q-measure spaces generalize classical measure spaces.
Basic properties
As usual a measurable space is a pair (X, A ) where X is a nonempty set and A is a σ-algebra of subsets of X. If A and B are disjoint sets, we use the notation A ∪ B for their union. Similarly, we write A i for the union of a sequence of mutually disjoint sets A i . Denoting the set of nonnegative real numbers by R + , a set function µ : A → R + is additive if µ(A∪ B) = µ(A)+µ(B) for all disjoint A, B ∈ A and µ is countably additive if µ A i = µ(A i ) for any sequence of mutually disjoint A i ∈ A . It is well-known that µ : A → R + is countably additive if and only if µ is additive and lim µ(A i ) = µ A i for any increasing sequence (A i ⊆ A i+1 ) of sets A i ∈ A ( [1, 2, 6] ). If µ is countably additive, we call µ a measure and we call the triple (X, A , µ) a measure space. For reasons that will become apparent later, an additive set function is called grade-1 additive and a measure space is called a grade-1 measure space. If we replace R + by R or C we also have the concepts of a signed measure and a complex measure, respectively.
We now introduce a generalization of additivity. A set function µ : A → R
+ is grade-2 additive if µ(A ∪ B ∪ C) = µ(A ∪ B) + µ(A ∪ C) + µ(B ∪ C) − µ(A) − µ(B) − µ(C) (2.1)
and µ is regular if the following two conditions hold
It follows from (2.1) that any grade-2 additive function µ satisfies µ(∅) = 0. It is easy to check that if µ is grade-1 additive, then µ is regular and grade-2 additive. We say that µ : A → R + is continuous if lim µ(A i ) = µ A i for every increasing sequence A i ∈ A and lim µ(B i ) = µ B i for every decreasing sequence B i ∈ A . A continuous grade-2 additive set function is a grade-2 measure and a regular grade-2 measure is a quantum measure (q-measure, for short). If µ is a grade-2 measure (q-measure), then (X, A , µ) is a grade-2 measure space (q-measure space). Of course, a measure space is a q-measure space, but there are important examples which show that the converse does not hold. In various quantum formalisms, a crucial role is played by a decoherence functional D : A × A → C ( [3, 4, 5, 7] ). This functional (or at least its real part) represents the amount of interference between pairs of sets in A and has the following properties: 
P r o o f. To prove (2.1), let R be the right side of (2.1) and apply (2.2) and (2.3) to obtain
To prove the first regularity condition, apply (2.2) and (2.3) to obtain
.
. To prove the second regularity condition, applying (2.2)-(2.5) we have
. Finally, continuity of µ follows from (2.6).
Part (a) of the next theorem gives a characterization of grade-2 additivity and (b) shows that grade-2 additivity can be extended to more than three mutually disjoint sets ( [8, 9, 10] ). We denote the complement of a set A by A and the symmetric difference of A and B by
grade-2 additive if and only if µ satisfies
which is (2.7). Conversely, if (2.7) holds, then letting
which is grade-2 additivity.
(b) We prove the result by induction on n. The result holds for n = 3. Assuming the result holds for n ≥ 3 we have
The result follows by induction.
We now give an example of a q-measure space. We call this the particleantiparticle example. Let X = [0, 1] and let ν be Lebesgue measure restricted Ì ÓÖ Ñ 2.3º In the particle-antiparticle example, µ is a q-measure.
We conclude that µ is regular. To prove grade-2 additivity let A 1 , A 2 , A 3 ∈ B(X) be mutually disjoint. If x ∈ A r and x+3/4 ∈ A s , r, s = 1, 2, 3, we call (x, x+3/4) an rs-pair. We then have
is an rs-pair, r, s = 1, 2
is an rs-pair, r, s = 1, 3
is an rs-pair, r, s = 2, 3
is a 11-pair
is a 22-pair
is a 33-pair
is an rs-pair, r, s = 1, 2, 3
Finally, to show that µ is continuous, let A i be an increasing sequence in B(X).
A similar result holds for a decreasing sequence of sets in B(X).
We shall study this example further in the next section.
Compatibility and the center
Let (X, A , µ) be a q-measure space. We say that A, B ∈ A are µ-compatible and we write AµB if
If AµB, then µ acts like a measure on A ∪ B so in some weak sense, A and B do not interfere with each other. Notice that AµA for every A ∈ A . It follows QUANTUM MEASURE THEORY from (2.7) that AµB if and only if
The µ-center of A is
The elements of Z µ are called macroscopic ( [10] ).
Ä ÑÑ 3.1º
Hence, by (3.1), A µB . (c) follows from (a) and (d) follows from (b).
Ä ÑÑ 3.2º A is µ-splitting if and only if
Hence, A ∈ Z µ . Conversely, suppose A ∈ Z µ . Then for any B ∈ A we have
Thus,
Since B is µ-splitting, we conclude that
Since S n is increasing with S n = S and S n is decreasing with S n = S we have by continuity that
To prove the last statement of the theorem, let A i ∈ Z µ , i = 1, . . . , n, be mutually disjoint and let
A i , r ≤ n. We prove by induction on r that for B ∈ A
. The case r = 1 is obvious. Suppose the result holds for r < n. Since S r ∈ Z µ we have
By induction, the result holds for r = n so that
The last statement follows by continuity.
We now illustrate these ideas for the particle-antiparticle example of Section 2. All the results in the rest of this section apply to the q-measure space 
The left side of (3.4) becomes Hence,
It follows that A ∈ Z µ .
ÓÖÓÐÐ ÖÝ 3.6º
The following statements are equivalent: We have seen in Theorem 3.3 that µ | Z µ is a measure. In fact, in this example for every B ∈ Z µ we have 3 4 which is clearly a measure.
Characterization of quantum measures
If (X, A ) is a measurable space, we can form the Cartesian product measurable space (X × X, A × A ) in the usual way [1, 6] . In this case, A × A is the σ-algebra generated by the product sets A × B. We say that a signed measure λ on A × A is symmetric if λ(A × B) = λ(B × A) for all A, B ∈ A . The next lemma shows that a symmetric signed measure λ on A × A is determined by its values λ(A × A) for A ∈ A .
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Ä ÑÑ 4.1º If λ is a symmetric signed measure on A × A , then for every
A, B ∈ A we have
Hence,
We conclude that
This gives the result. 
Since the continuity of µ follows from the continuity of λ, we conclude that µ is a grade-2 measure. Conversely, let µ be a grade-2 measure on A and for
Note that λ(A × B) = λ(B × A) and that λ(A ×
) = µ(A) ≥ 0. Let A 0 be the algebra of finite disjoint unions of measurable rectangles in A × A . We now show that λ can be extended to a countably additive set function on A 0 . First
By (2.7) we have
Since µ is grade-2 additive, we have
Substituting this last expression into (4.1) gives
. By (4.3) the result holds for n = 2. Suppose the result holds for n. From the n = 2 case we have for
By the induction hypothesis we concluded that
This concludes the induction proof. In a similar way we conclude that if
). Our previous work shows that λ is well-defined
By the continuity of µ we have
We conclude that λ is countably additive on A . By the Hahn extension theorem ([1, 2, 6]), λ extends to a signed measure on A × A .
ÓÖÓÐÐ ÖÝ 4.3º The set function µ in Theorem 4.2 is a q-measure if and only
if λ satisfies the following two conditions: 
Therefore, µ is regular so µ is a q-measure.
Super-quantum measures
We say that a set function µ : A → R + is grade-n additive on the σ-algebra A if µ satisfies
A continuous grade-n additive set function is a grade-n measure. Grade-n measures for n ≥ 3 correspond to super-quantum measures and these may describe theories that are more general than quantum mechanics. It can be shown by induction that a grade-n measure is a grade-(n + 1) measure ( [8, 10] ). Thus, we have a hierarchy of measure grades with each grade contained in all higher grades. Instead of giving the induction proof we will just check that any grade-2 measure µ is also a grade-3 measure. Indeed, by (2.8) we have
The next result gives a general method of generating grade-n measures. We denote the Cartesian product of a set A with itself n times by A n and we denote the σ-algebra
where the B i form a permutation of the
is a symmetric signed measure on A n−1 . We shall prove the theorem by induction on n. By Theorem 4.2 the result holds for n = 2. Suppose the result holds for n − 1 ≥ 1. Let λ be a diagonally positive symmetric signed measure on A n and define
. By the induction hypothesis µ C satisfies (n − 1)-additivity and hence, µ C satisfies n-additivity. 
Now we have
Similarly,
Continuing this process, we obtain cancellation of the terms not involving µ. Hence, µ satisfies (5.1) so µ is grade-n additive. This completes the induction proof.
We conjecture that the converse of Theorem 5.1 holds. That is, if µ is a grade-n measure on A then there exists a diagonally positive symmetric signed measure λ on A n such that µ(A) = λ(A n ) for all A ∈ A . This would generalize Theorem 4.2 to higher grade measures.
Particle masses
This section is of a speculative nature. The idea is that q-measures can be employed to compute and predict elementary particle masses. These mass predictions are only approximate because presumably they account for the strong nuclear force and neglect weak and electromagnetic forces. Moreover, they only pertain to two-body interactions and neglect three-body and higher order interactions. Nevertheless, our preliminary computations are within about 3% of experimental values.
Following the standard model, the baryons (mesons and hadrons) are composed of constituent parts, namely quarks and gluons. A meson consists of a quark, antiquark and gluons while a hadron consists of three quarks and gluons.
One of the problems is that we do not know (at least, I do not know) how many gluons are involved and we shall only make guesses about these numbers. Our base space will be a finite set X = {x 1 . . . , x n } of particle constituents. Each x i will represent a quark or a gluon. For simplicity we shall not distinguish between quarks and antiquarks and will not be concerned with gluon colors. Also, we shall only consider up, down and strange quarks. In this first approximation, we shall not distinguish between an up and down quark and denote such quarks by q. We denote a strange quark by q s and a gluon by g. We also assume the existence of virtual gluons g that are massless and only interact with gluons. Thus, each of the constituents x i are either q, q s , g or g .
Let µ be a q-measure on the power set P(X) of X that measures masses of subsets of X. so once the masses on the right are known the mass on the left is determined. Assuming that µ(g ) = 0 and µ ({g, g }) = µ ({g, g}) we have nine unknown masses to determine. These are µ(q), µ(q s ), µ(g) and the six pairs µ ({x, y}), x, y = q, q s , g. (We assume that µ ({x, g }) = 0, x = q, q s , because g does not interact with q or q s .) Once we have found these nine unknowns we can compute the masses of all the sets in P(X).
Mainly by examining the known masses of mesons the author has estimated these nine unknowns. Using these estimates and Theorem 2. 
